Let (M n , g) be a pseudo-Riemannian manifold of dimension n ≥ 2. Recall that a projective transformation of M n is a diffeomorphism of the manifold that takes unparameterized geodesics to geodesics.
For Riemannian metrics, projective Obata conjecture was proved in [5, 6, 8] . Then, in dimension two we may assume that the signature of the metric is (+, −), and that the manifold is covered by the torus T 2 . Thus, the two-dimensional version of the projective Obata conjecture follows from Theorem A. Let (T 2 , g) be the two-dimensional torus T 2 equipped with a metric g of signature (+, −). Assume a connected Lie group G acts on (T 2 , g) by projective transformations. Then, G acts by isometries.
Note that in the theory of geodesically equivalent metrics and projective transformations, dimension 2 is a special dimension: many methods that work in dimensions n ≥ 3 do not work in dimension 2. In particular, the proof of the projective Obata conjecture in the Riemannian case was separately done for dimension 2 in [5, 6] and for dimensions greater than 2 in [8] . Moreover, recently an essential progress was achived in the proof of the projective Obata conjecture in the pseudo-Riemannian case in dimensions n ≥ 3, see [2, 9] . This progress allows us to hope that it is possible to mimic (see [2, §1.2]) the Riemannian proof in the pseudo-Riemannian situation (assuming the dimension is n ≥ 3). Thus, Theorem A closes an important partial case in the proof of projective Obata conjecture.
Proof of Theorem A. Let g be a pseudo-Riemannian metric of signature (+, −) of nonconstant curvature on T 2 . We denote by Proj 0 (T 2 , g) the connected component of the group of projective transformations of (T 2 , g), and by Iso 0 (T 2 , g) the connected component of the group of isometries. Clearly, Proj 0 (T 2 , g) ⊇ Iso 0 (T 2 , g); our goal is to prove Proj 0 (T 2 , g) = Iso 0 (T 2 , g).
We assume that Proj 0 (T 2 , g) = Iso 0 (T 2 , g). Then, there exists a vector field v such that it is a projective vector field, but is not Killing vector field. (Recall that a vector field v is projective, if its local flow takes geodesics considered as unparameterized curved to geodesics). Then, by [5, Korollar 1] , [6, Corollary 1], or [12] , the quadratic in velocities function 
) ij is a nontrivial (i.e., = 0) integral for the geodesic flow of g.
Suppose first I is not a linear combination of the energy integral g(ξ, ξ) and of the square of an integral linear in velocities. Since closed manifolds do not allow vector fields v such that L v g = const · g for const = 0, I is not proportional to the energy integral g(ξ, ξ). Then, as it was proved in [10, §1.6], there exists a RIEMANNIAN metricḡ geodesically equivalent to g. (Recall that g andḡ are called geodesically equivalent, if every (unparametrized) geodesic of g is a geodesic ofḡ).
Every projective vector field for g is also a projective vector field forḡ and vice versa, so that Proj 0 (M, g) = Proj 0 (M,ḡ). By the (already proved) Riemannian version of projective Obata conjecture we obtain that Iso 0 (M,ḡ) = Proj 0 (M,ḡ). Thus, Proj 0 (M, g) = Iso 0 (M,ḡ).
By [7, Corollary 1] , see also [3] , the dimensions of the Lie group of isometries of geodesically equivalent metrics coincide. Indeed, for every Killing vector fieldK forḡ the vector field
). Hence, the assumption that I is not a linear combination of the energy integral g(ξ, ξ) and of the square of an integral linear in velocities leads to a contradiction. Thus, there exists a nontrivial integral linear in velocities. Finally, there exists a nontrivial Killing vector field that we denote by K.
Then, the group Proj 0 is at least two-dimensional (because it algebra contains K and v). The structures of possible Lie groups of projective transformations was understood already by S. Lie [4] . He proved that the for a 2−dimensional metric of nonconstant curvature the Lie algebra of Proj 0 is the noncommutative two dimensional algebra, or is sl(3, R). In both cases there exists a projective vector field u such that the linear span span(u, K) is a two-dimensional noncommutative Lie algebra. Then, without loss of generality we can assume that Let φ t be the flow of K. Since K = α· ∂ ∂x , φ t (x, y) = (x+αt, y). Let us calculate the vector dφ t (u(0, 0)) for t = 1/α by two methods (and obtain two different results which gives us a contradiction).
First of all, since φ 1/α is the identity diffeomorohism, dφ t (u(0, 0)) = u(0, 0) for t = 1/α.
The other method of calculating dφ t (u(0, 0)) is based on the commutative relation [ 
Let us first assume that K, u satisfy [K, u] = u. In the coordinates, this condition reads α
Since (u 1 (0, 0), u 2 (0, 0)) = (0, 0) we obtain that dφ 1/α (u(0, 0)) = u(0, 0) which gives a contradiction. Thus, the commutative relation [K, u] = u is not possible.
Let us now consider the second possible commutative relation [K, u] = K. In coordinates this relation reads α ∂ ∂x u 1 = α and α ∂ ∂x u 2 = 0 implying u 1 (x, 0) = u 1 (0, 0) + x. We again obtain that dφ 1/α (u(0, 0)) = u(0, 0), which gives a contradiction. Thus, the commutative relation [K, u] = K is also not possible. Finally, in all cases the existence of a nontrivial projective vector field on the torus T 2 equipped with a metric of nonconstant curvature leads to a contradiction.
Let us now consider the remaining case: we assume that g has constant curvature. By Gauss-Bonnet Theorem, a metrics of constant curvature on T 2 is flat. Then, (T 2 , g) is isometric to the standard flat torus (R 2 /L, dxdy), where (x, y) are the standard coordinates on R 2 , and L is a lattice generated by two linearly independent vectors, see for example [10, §4.1] . In particular, all geodesics of the lift of the metric to R 2 are the standard straight lines. Clearly, any projective transformation of (R 2 /L, dxdy) generates a bijection φ : R 2 → R 2 that commute with the lattice L and maps straight lines to straight lines. It is easy to see that the connected component of the group of such bijections consists of parallel translations, i.e., acts by isometries. Finally, Proj 0 (R 2 /L, dxdy) = Iso 0 (R 2 /L, dxdy). Theorem A is proved.
